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Abstract. The positron-electron momentum density in germaniem was studied by a full-
scale use of the two-dimensional angular correlation of positron annibilation radiations
(20-ACAR). The term, a full-scale use of 2D-aCAR, means that the three-dimensional
momentum-space density p(p) of the annihilation positron—electron system Is directly
determined from a set of experimental 2D-ACAR spectra, followed by the reconstruction
technique. The obtained electron momentum density, p(p), showed, as a whole, good
agreement with the electron momentum distribution of the [ully filled Jones zone with
the exception that a deep dip in the origin appears, which has been observed in the
1D-ACAR or semi-2D-ACAR integrated spectra in germanium. In the present work, the
electron momentum density distribution shows a ridge along the {110} line and a very
deep valley exists along the {100} line, which is also the deviation from the Jones zone.
In germanium, the valence 4p electrons are mainly participating in bonding & bonds,
and the distributéion in space is prominently anisotropic. This anisotropy is reflected on
the electron momentum density distribution in the present work. The analysis based
on group theory was petformed by Saito et al in order to investigate the origin of the
anisotropy in the present work. Their results are that the anisotropy is due to the
high symmetry of the crystals; they also reproduced the experimentally observed electron
momentum density distribution well. It is found that the electron momentum density
distribution cbserved by a full-scale use of 20-AcAR provides important information on
the electron states in the materials.

1. Introduction

Germanium is an elemental semiconductor and shows a typical diamond-type crys-
tal structure, as does silicon. Its band structure is described in terms of the fully
filled Jones zone. Three sets of 4p electrons form bonding o bonds and build a
covalent bond. The ¢lectronic structure of Ge has already been studied by theoretical
calculations [1-3]. However, more detailed information on the electronic structure
is required for a clear understanding of the relation between bands and bonds in
semiconductors.

An angular correlation of positron annihilation radiation is a means t0 measure
the electron momentum density distribution, and has been used to determine the
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Fermi surface of metallic materials. This method is thought to be superior to other
methods (Compton scattering, de Haas—van Alphen effect, etc) in the following crite-
ria: high resolution, high sensitivity to conduction electrons, and almost total lack of
limitations on its experimental conditions (tempetature, electron mean free path, at-
mosphere, etc). Measurements by ACAR for semiconductors, high-T,, superconductors
and other materials are interesting and have been done.

The 1D-ACAR measurements for Si and Ge were performed by Erskine and
McGervey [4]. The results were in good agreement with theoretical calculation [1].
1D-ACAR and 2D-ACAR measurements for Ge were also reported [5-8]. Although the
measured spectra were integrated over one or two axes, they showed, as a whole, a
good agreement with the fully fitled Jones zone. However, a dip was observed in the
origin, which was the deviation from the Jones zone.

A clear explanation of the dip had not been given until the theoretical calculation
was performed by Chiba and Akahane [9]. They calculated the positron annihilation
rate based on a parameter-adjusted linear combination of atomic orbitals method.
They found that some valence bands do not contribute to the annshilation rate when
the photon momentum is paralle] to the {100}, (110} and (111) axes of Ge. The
three-dimensional electron momentum density distribution s required in order to
investigate these anisotropies.

The three-dimensional momentum density distribution is obtained from a set of
2D-ACAR spectra using the reconstruction technique. We measured the 2D-ACAR spec-
tra for Si [10] and Ge, and reconstructed the three-dimensional momentum density
distributions. The theoretical calculation was done by Saito er af [11] in order to
clarify our results. In the present paper, the experimental results for Ge are reported
and discussed.

2. Experimental details

When a positron-electron pair annihilates a two-photon emission process usually
occurs. Two photons of 511 keV energy (determined by the energy conservation
law) are emitted with a small angle (of the order of mrad) between their opposing
directions (determined by the momentum conservation law). Since the momentum of
a positron is reduced to almost zero just before the annihilation, the angle between
the two emitted photons is determined mainly by the momentum of the annihilating
electron. The electron momentum density is observed by measuring the angle and
the coincident number of photons.

The experiments were carried out using the 2D-ACAR measutement system, which
consists of a pair of detector assemblies of 128 Bi,Ge;O,, (BGO) scintillators com-
bined with 128 Hamamatsu R647 photomultiplier tubes individually and cross-slit
systems [12]. The geometrical angular resolution A, is 0.75 mrad x 0.75 mrad at
a location of 8 m between each detector assembly and the specimen. One of the
detector assemblies moves horizontally and the other moves vertically in steps of
0.2 mrad controlled automatically by programmed stepping motors. The 3 x 10° Bg
?2Na positron source was positioned 4 mm from the sample. A 15 kOe magnetic
field was applied along the positron source-sample axis to focus the positron beam
on the sample. A single crystal of Ge (n-type, p = 6 ~ 7 §2 cm) was used as a
sample. It was set on a copper holder connected to the cryogenic head with the (001)
plane facing the positron source, and its temperature was kept at 24 K during the
measurement to reduce the effect of the residual momenta of thermalized positrons.
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The smearing effect caused by the thermal behaviour of a positron, A,, is of the
order of 0.21 mrad (FWHM) assuming the effective mass of a positron to be twice the
mass of an electron. Another smearing effect, A, is due to the limited size of both
the positron beam and the sample. In this case, A_ is determined by the positron
beam size, because the size of the sample is larger than that of the positron beam,
and is of the order of 0.70 mrad. The total resolutions from A,;, A, and A are
(A% 4+ A2)1/? = 0.78 mrad and (A + AZ+ A2)1/? = 1.05 mrad in the directions
parallel and perpendicular to the [001] axis, respectively. The measurements were
performed with a step of 0.2 mrad x 0.2 mrad in the momentum range of +22 mrad
by moving both detectors.

In order to reconstruct the three-dimensional electron momentum density distri-
bution, the measurements were performed for 10 different projection directions by
rotating the sample around the [001] axis from the [100] to the [110] axis with a 5°
step. The three-dimensional momentum density distribution was obtained from a set
of measured 2D-ACAR spectra followed by the direct Fourier reconstruction technique,

3, Data analysis

The measured 2D-ACAR spectrum is the projection of the electron momentum dens;ty
p(p} onto the p, — p, plane, expressed as foliows:

N(py,p,) = j o(p)dp, (1)

where p is the annihilating electron—positron pair momentum. From a set of 2D-ACAR
spectra for several different projections, we can reconstruct the full three-dimensional
momentum density distribution using the direct Fourier reconstruction technique [12,
13]. This technique is based on the following Fourier projection theorem [14]:

TN (5,2l % B)ewo = @0 [ [ [o@)-ip- )il @

where B(r) is the 3D Fourier transform of p(p). The 2D-ACAR data, measured along
various directions, were Fourier transformed into B(r) using the 2D fast Fourier
transform, followed by the interpolation of B(») onto a cubic grid. Finally, the 3D
inverse Fourier transform of B(r) yields the full 3D electron momentum density p{p).
The reconstruction procedure is shown in figure 1. In the reconstruction process,
the resolution grows worse by more than 0.1 mrad in all directions. This kind of
Fourier transformation method has a weak point in the spatial resolution; the so-
called ‘artifact’ [15]. We adopted some special techniques to avoid this phenomenon.
Firstly, we took a large angular region +51.2 mrad, in spite of its rather small real
distribution (within +10 mrad). Secondly, the interpolation method based on third-
order polynomials was adopted to enhance the spatial resolution. We examined the
Fourier transformation method adopting these techniques. Some prepared three-
dimensional bodies were reconstructed using this method in order to examine the
relationship between the reappearance and the number of counts and directions
in measurements. We could reconstruct three-dimensional bodies almost perfectly
without the ‘artifact’ under the condition we found. (For details, see [13].)
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Figure 1. A schematic reconstruction procedure.
2D-ACAR spectra are projections of the electron mo-
mentum density on momentum space (p space). In
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Figure 2. The Jones zone for the diamond struc-
ture, together with the three principal axes. It is
a regular dodecahedron. The numbered cross sec-

order to reconstruct the 3D electron momentum
density distribution, 10 spectra were measured for
different directions in the present work. (In this
figure, only three spectra are drawn.) The spectra
are transformed (2D FT) into real space (r space).
After the interpolation, the inverse transformation
(30 FT1) yields the 3D electron momentum density.

tions are used in other figures and the text.

In the independent particle model, the full 3D electron momentum density p(p)
can be described as

occ

p(p) = constZ{f drp (r), W(r)exp(ip- r))? 3
n, ke v

where 1, ,(r) is the wavefunction of an electron, n is the band index, k is the
wavevector, 1 (r) is the wavefunction of a thermalized positron (k = 0), V' is the
crystal volume and the summation is taken over all occupied electron states.

4. Results and discussion

The number of valence electrons in Ge is eight per unit cell, because there are
two atoms per unit cell and four valence electrons per atom. Hence the electrons
completely fill the allowed states up to the fourth band of the Brillouin zone in the
reduced zone scheme. In the extended zone scheme, the Jones zone is completely
filled by the electrons [16, 17]. The Jones zone scheme is shown in figure 2 with the
three principal axes. It is a regular dodecahedron surrounded by {220} planes with
a volume just four times as large as the volume of the first Brillouin zone.

The three-dimensional momentum density distribution in Ge, obtained by a full-
scale use of 2D-ACAR, is shown in figure 3(a) as a set of several contour maps for
different cross sections. Each cross section is parallel to the (100) plane and the
numbers indicated in the contour maps correspond to the numbers indicated in the
Jones zone scheme shown in figure 2. The vertical axis represents the momentum
along the [001] direction, and the horizontal axis represents the momentum zlong the
[010] direction in the unit of mrad.
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It can be seen that the shape of the contour map for the respective cross sections
changes gradually as the number indicated in the map increases. The differentiated
contour maps corresponding to the contour maps in figure 3(a) are shown in fig-
ure 3(b) in order to observe the change of the shape in more detail. The outlines
of the contour maps become clear. It is found clearly that the shapes of the cross
sections change gradually from a square (1,2,3), passing through an octagon (4,5,6),
to a 45° rotated square (7,8,9). From these results, it is ensured that the electron
momentum density distribution in Ge is in agreement with the Jones zone scheme
three dimensionally.

[oo1]

Figure 4. The enlarged contour map of the cross
section numbered 1. The drawn solid lines indicate
the calculated Jones zone boundaries. It is seen that
the size of the obtained electron momentum density
distribution agrees with that of the calculated Jones
zone area.

[010]

The enlarged contour map numbered 1 in figure 3(a) is shown in figure 4 to
compare the size of the observed electron momentum density distribution with that
of the Jones zone. The corresponding cross section of the Jones zone calculated
using the lattice constant of Ge (a = 5.65 A) is shown by solid lines. These lines run
along the regions where the contour lines are dense, except around the corner of the
square. This means that the obtained electron momentum distribution also agrees
with the Jones zone regarding size. It can be concluded that the electron momentum
density distribution in Ge, as a whole, agrees with the Jones zone scheme.

Some characteristic structures are found in the contour maps on the electron
momentum density. The low-density channels run along (100) directions and the dip
is in the origin of the map. If the electron momentum density distribution completely
agrees with the Jones zone, the electron momentum density distribution must be flat
within the zone and such structures should not be found. The dip in the origin has
already been reported in the integrated ID-ACAR or semi-2D-ACAR spectra [5-8], so
the dip in the electron momentum density distribution was expected to exist. It is
found that the deviations from the Jones zone are not only the dip in the origin, but
also the low-density channels along the (100} direction.,

The bird’s-eye view of the electron momentum density distribution is shown in
figure 5, which corresponds to the cross section numbered 1 in figures 2 and 3. The
height of the distribution represents the electron momentum density in arbitrary units.
The dip in the origin, which had been reported in the integrated spectra, can be seen.
The remarkable structure in the three-dimensional distribution is that a very deep
valley exists along the (100) direction which forms a ridge along the (110} direction.
Such structures are determined by a full-scale use of 2D-ACAR.

The profiles of the electron momentum density along two directions, (100) and
(110), are shown in figure 6. The numbers indicated in the profiles correspond to
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Figare S. The bird’s eye view of cross section 1. It is seen that a dip exists in the origin
and a deep valley runs along the {100} direction.
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direction, and (b) along the (110) direction. The numbers represent the numbers of
the cross sections. The origin corresponds to the I'(000) point and the dashed line

corresponds to the position of (a) the I'(200) point and (b) the X(200) point, for
profiie 1.

those in the cross section. The origin corresponds to the I'(000) point in both direc-
tions and the dashed lines correspoond to the I'(200) point in the (100) direction,
and the X(110) point in the (110} direction for the profile numbered 1. The dip is
seen in the origin in both directions.

In the profiles along the (100) direction, shown in figure 6(a), the electron mo-
mentum density increases as the number increases from 1 to 5, and decreases as
the number increases from 6 to 9. However, the electron momentum density simply
decreases as the profile number increases along the (110} direction shown in fig-
ure 6(b). The increase in the profiles from numbers 1 to § along the (100) direction
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is thought to mean that the profiles depart from the low electron momentum density
channel along the (100} axis. Flat parts are seen in the profiles 1 and 2 along the
{100} direction around the region from 1.8 to 3 mrad. The maximum moves to the
right in profiles 1 to 3 along the {110) direction; this is thought to be also due to
the existence of the low electron momentum density channel. Profile 1 along the
{110} direction crosses the dashed line at the point where the slope of the profile is
a maximum. However, profile 1 along the {100} direction is inside the dashed line.
It is also due to the existence of the low electron momentum density channel, Such
behaviour is also seen in the profiles in Si [10].

The anisotropy parameter ¢ is introduced to discuss the degree of the deviation
from the Jones zone scheme. Profile 1 along the (110} direction passes through the
origin of momentum space, I'(00C), and gives a maximum value of the momentum
density. The parameter ¢ is defined using this profile as follows:

— 2(P)max — P(Ph‘moe)
P{P)max

It amounts to 23.09% from the profile in the present work for Ge, whereas it was
reported to amount to 19% for Si [10]. This means that the magnitude of the dips
for Ge is greater than that for Si.

The electron momentum density distribution of positron annihilation radiation is
studied by the first-principle calculations of the annihilation rates by Saito et al [11]
in order to explain the anisotropy observed in the present work. Their analysis is
performed for the perfect crystals of Si and GaAs and for Si with neutral mono-
vacancy. The result for the perfect crystal of Si can be applied to the present work.
They have found three characteristics of the momentum density distribution: (i) a dip
exists around the I point and a valley appears along the (100} axis; (ii) a maximum
peak is located along the (110} axis; and (iii) the annihilation rates are nearly equal to
zero outside the Jones zone. Their calculation successfully reproduces the observed
¢electron momentum density distribution in the present work. They discussed the
origin of the dip and valley based on group theory [18, 19]. The result will be
introduced by quoting their paper.

x 100(%). 4)

‘Since the positron is in the lowest-energy state, the wave function is totally sym-
metric; i.€. this function is invariant under any operation belonging to the symmetry
group of the crystal. Therefore we obtain an important rule that, unless the electron
periodic function belongs to the totally symmetric representation of the space group
at a given k, the annihilation rate is zero. Thus, only functions whose tepresentation
is totally symmetric are annihilation active .... In Si, the upper two bands are anni-
hilation inactive on the [100] line and at the [ point becausc of high symmetries of
the line (C,,) and point (O,), while one of the two bands is annihilation active at
the other points on the (001) plane. It is concluded that the appearance of valleys
along the [100] line and of the dip around the I' point is due to the annihilation
inactiveness of the upper two bands.’

In this way, the obtained electron momentum density distribution agrees with the
theoretical calculation by Saito er al very well, It is found that the electron momen-
tum density distribution obtained by a full-scale use of 2D-ACAR provides important
information on the electronic states in the semiconductor materials.

The profiles of the autocorrelation function, B(»}, along the (100} and {110)
directions are shown in figure 7. According to the pature of the autocorrelation
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Figure 7. The profile of the autocorvelation function B{r} (a) along the {100} direction,
and (b) along the {110} direction. The open circles represent the lattice points of Ge.

function, B(r), it is known that for filled bands B{r) is zero for all » = R (except
R = 0), where R is the lattice vector of the periodic system. For the ACAR data,
this is only approximately correct, even within the independent-particle model (1PM),
because of the presence of the b (=) [14]. So, il the 1PM is valid and the effect of the
presence of ¥, (r) on p(p) is neglected, B(r) should have zeros at real-space lattice
points. In figure 7, the open circles represent the lattice points. It was seen that
the agreement between the zeros in B(r) and the lattice points is not perfect. The
information of this behaviour from the experiment will be useful in understanding the
effect of the positron wavefunction by comparison with the theoretical calculation.

5. Conclusion

. The three-dimensional electron momentum density distribution in Ge was obtained
by means of a full-scale use of 2D-ACAR. The obtained electron momentum density
distribution shows a good agreement with the Jones zone scheme regarding its sym-
metry and size. It also shows a dip in the origin and a deep valley along the {100)
direction; this anisotropy is the deviation from the Jones zone scheme. The theoreti-
cal calculation performed by Saito et a/ successfully reproduced the three-dimensional
momentum density distribution obtained in the present work. The analysis, based on
group theory, explains that the origin of the anisotropy is due to the high symmetry
of the crystal. It is found that the electron momentum density distribution obtained
by a full-scale use of 2D-ACAR also provides important information on the electron
states in semijconductor materials.
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